It has frequently been stated (in particular by us) that the problem of a jet with a periodically varying injection velocity does not allow full analytic solutions. A description of such jets in terms of a sequence of free-streaming, continuous jet beam segments, separated by narroẁ internal working surfaces' results in a set of simple equations, which have then been solved numerically. Also, an asymptotic analytic solution (for large distances from the source) has been found.
INTRODUCTION
Over the last decade, it has been realized that the structure observed in at least some HH (Herbig±Haro) jets probably is the result of a time-variability in the ejection velocity from the source. As pointed out by Raga et al. (1990) , variabilities of supersonic amplitude result in the formation of`internal working surfaces', which travel down the jet. This model is therefore attractive for interpreting high proper-motion knots along HH jets Eislo Èffel & Mundt 1992; Reipurth, Raga & Heathcote 1992) or`superjets' (Bally & Devine 1994; Devine et al. 1997; Eislo Èffel & Mundt 1997) .
Many papers have now been written about models of jets with internal working surfaces. Both analytic as well as numerical (e.g. Hartigan & Raymond 1993; Stone & Norman 1993; Gouveia dal Pino & Benz 1994; Falle & Raga 1995; Biro 1996; Suttner et al. 1997 ) models have been calculated. Also, as these working surfaces have observational properties that resemble the knots of different sizes observed in jets such as HH 34 and HH 111, more or less detailed comparisons with observations Raga & NoriegaCrespo 1998) have been attempted. Therefore, the problem of a jet with a time-dependent injection velocity has by now been studied in considerable detail.
In particular, Raga et al. (1990) carried out a 1D study of a hypersonic jet with internal working surfaces, in which they modelled the flow with numerical integrations of Burgers' equation. and found an analytic solution to this problem that is valid for the asymptotic regime of large distances from the source. However, no full analytic solutions have been found for the problem of a jet with an episodic injection time-dependence. In the present paper, we discuss new analytic solutions to the problem of a hypersonic jet with time-dependent injection velocity and density. These solutions are based on considerations about the motion of the centre of mass of the internal working surfaces. Surprisingly, full analytic solutions can be found to the problem for different injection time-variabilities. This work complements the one of Raga & Canto Â (1998) , who studied the problem of massless' working surfaces (but were unable to find full analytic solutions to the problem).
We have organized the paper as follows. Section 2 describes the general formalism. We then derive the solutions for jets with a sinusoidal injection velocity, with constant mass injection rate (Section 3.1) and constant injection density (Section 3.2). We present numerical results illustrating the properties of the analytic solutions in Section 4. The results are then summarized in Section 5.
GENERAL FORMALISM

Dynamics of an internal working surface
We consider a hypersonic jet flow moving in the x-direction with Mon. Not. R. Astron. Soc. 313, 656±662 (2000) w E-mail: raga@astroscu.unam.mx an injection velocity v 0 (t) and mass injection rate m Ç (t ), where t is the time at which the flow is ejected. We approximate the hypersonic flow as free-streaming, so that the velocity at a distance x from the source and at time t is given by vx; tv 0 t x t 2 t : 1
The internal working surfaces form at a distance from the source
where the minimum is taken, e.g. over the variability period (for a periodic variability). The working surfaces are formed at a time t c from material ejected at a time t c , which satisfy the equation
Equations (1)±(3) have been derived in previous papers (see, e.g., Raga et al. 1990 ).
Once the internal working surface has formed, it travels downstream with the jet flow. Let v ws be the velocity of the working surface, and v 1 and v 2 the velocities of the free streaming flow directly downstream and upstream (respectively) of the working surface. These velocities are shown in the schematic diagram of Fig. 1 . For a given time t and position x ws of the working surface, these velocities correspond to ejection times t 1 and t 2 given by:
where we have assumed that the separation between the two working surface shocks (see Fig. 1 ) is negligible. If one assumes that the working surface does not lose an appreciable amount of mass (by sideways ejection of material, see, e.g., Falle & Raga 1993) , the mass trapped between the two working-surface shocks is
and (since the flow is free streaming) its velocity must correspond to the velocity of its centre of mass, so that
This equation has been used to describe the motion of internal working surfaces by Vo Èlker et al. (1999) . Also, the position of the working surface must coincide with the position of the centre of mass, which is given by
where the second term on the right-hand side of equation (8) gives the position of the centre of mass at time t t 2 : Combining equations (7) and (8), we then obtain x ws tv ws 2 x 0 ; 9 where
Finally, it follows from equations (4) and (5) that
t 2 2 t 1 ; 11
Substitution of equations (6), (7) and (10)± (12) into equation (9) gives the desired relationship between t 1 and t 2 (note that v 1 and v 2 are known functions of t 1 and t 2 , respectively). Given (for instance) t 2 , we use equation (9) to obtain t 1 , and from t 1 and t 2 we obtain v 1 and v 2 , and thus are also able to calculate x ws , t and v ws from equations (11), (12) and (7), respectively. In this way, we obtain a general description of the properties (e.g. position, velocity, velocity jump, etc.) of the working surface as a function of time in a parametric form, using t 2 as the free parameter.
The density of the flow
The masses (per unit time and area) fed into the internal working surface from the upstream and downstream directions (respectively) are given by
where A ws is the cross-section of the jet at the position of the working surface. Let us also consider the fact that for a thin working surface, the material immediately upstream and downstream of the working surface is also at a position x ws x ws t 2 t 2 v 2 t 2 t 1 v 1 : 15
Differentiating equation (15) with respect to t 2 and t 1 , and combining the result with equations (13) and (14), respectively, we then obtain r 1;2 _ mt 1;2 v 1;2 2 t 2 t 1;2 dv 1;2 dt 1;2 A ws :
16
This equation, which gives us the densities directly upstream and downstream of the working surface (see Fig. 1 ) was previously derived in a different way by . 
The energy output
In order to compute the luminosity of the knots, we compare the kinetic energy of the material in the working surface with the kinetic energy that this material had when ejected from the source
If the thermal energy of the material in the working surface is low (which is appropriate for the highly radiative HH jets), the radiated energy will be equal to DE E 0 2 E ws : Therefore, the energy radiated per unit time is
where we have used equations (17), (18), (6) and (7). Equation (19) gives the radiative luminosity of the working surface as it travels away from the source in a parametric form. In order to compute L it is necessary to specify, e.g. t 2 , and to use the appropriate relations (given in Section 2.1) to derive t 1 , t, v 1 , v 2 , v ws ,d t 1 /dt 2 and dt/dt 2 .
AJ E TF R O MAS O U R C EW I T HA SINUSOIDAL EJECTION VELOCITY VARIABILITY
3.1 The case of constant mass-loss rate (6), (7) and (8) Substituting equations (11), (12), (24), (25) and (27) We take the 1 sign in the solution of equation (32), because it gives the solution with jsinv tj , 1: For Dt in the interval 0 ! p=v; equation (32) gives tÅ, and from equations (30) and (31) one finds t 1 and t 2 . Then we can proceed as explained above to find the other parameters of the working surface (i.e. its position, velocity, velocity jump, etc.). Note that for Dt ! 0 equation (32) correctly gives t ! t c ; and that for Dt ! p=v we have t 1 ! 0; t 2 ! 2p=v and v ws ! v w :
In the Dt ! p=v limit, we can calculate the total energy emitted by the working surface by taking t 1 0 and t 2 2p=v in equation (18). The result is
The mass within the working surface is
Let us now derive simple expressions for the working surface properties valid for v c =v w , 1: In this limit, equation (32) 
From equations (11), (12), (20), (25) and (26), one then finds
Dv v 2 2 v 1 < 2 v c sinvDt; 43
Combining equations (44) and (46) one obtains the equation of motion for the working surface
Finally, let us note that in the v c =v w , 1 limit, it is possible to find a simple expression for the luminosity of the working surface as a function of its distance from the source. Substituting equations (39), (40), (41), (42) and (46) for the total power radiated by the working surface. Additionally, it follows from equations (13) and (14) that
In Section 4 we present numerical examples of the solutions discussed above.
The case of constant injection density
We now consider an injection variability of the form v 0 tv w 2 v c sinvt; 50
where v w , v c and r 0 are constants, and _ m _ m=A 0 is the mass injection rate per unit area (with A 0 being the initial cross-section of the jet, which we assume to be time-independent).
We now use equations (50) and (51) A numerical example of this solution is given in the following section.
NUMERICAL EXAMPLES
In this section, we present examples of the constant mass-loss rate and constant injection density solutions (described in Sections 3.1 and 3.2, respectively).
Let us consider the case of a sinusoidal velocity variability with v w 1; v c 0:5 and v 1 (see equation 20). For these parameters, one can find the solution for the constant mass-lossrate case with the equations deduced in Section 3.1. We consider a mass-loss rate _ m 1: For a given Dt in the interval 0 ! p=v; from equations (33)± (35) one obtains the coefficients of equation (32). One then solves equation (32) for tÅ. With Dt and tÅ one can then find t 1 and t 2 using equations (30) and (31). Once t 1 and t 2 are known, one can use the equations of Section 2 to obtain the full solution for the working surface flow.
Some of the results are shown in Fig. 2 . When the working q 2000 RAS, MNRAS 313, 656±662 surface is formed, it has a velocity of <0.65. For times greater than 10, the working surface velocity reaches an asymptotic value of 1. The shock velocities v s1 v ws 2 v 1 (dashed line) and v s2 v 2 2 v ws (solid line) first grow, and then decrease as a function of time (with v s2 reaching a peak value of 0.6, which is almost twice as high as the peak value of v s1 ). The densities r 2 . r 1 decrease monotonically as a function of time, asymptotically reaching a value of zero.
The panels on the right-hand side of Fig. 2 show the total luminosity of the working surface, the fractional contributions of the s1 and s2 shocks to the luminosity, and the position of the working surface as a function of time. We see that the total luminosity has a strong peak at t < 6: The contribution to the luminosity owing to the s2 shock (i.e. the upstream shock) is completely dominant during the time in which the working surface is bright.
The results found for an identical ejection velocity variability but for a constant, r 0 1; ejection density (see Section 3.2) are shown in Fig. 3 . Interestingly, the velocity of the asymptotic working-surface velocity is considerably larger in this case. This result is of course intuitively straightforward. The flow properties otherwise are qualitatively similar to the ones of the constant m Ç case.
Finally, in Fig. 4 we show a comparison between the approximate solution (described by equations 39±49) and the full solution to the constant m Ç case for an ejection velocity variability with v w 1; v c 0:1 and v 1 (see equation 20). As is clear from this figure, for relatively small velocity amplitudes, the approximate equations appropriately describe the solution to the problem. The agreement between the approximate and the full solutions of course improves for v c =v w , 0:1:
CONCLUSIONS
We have derived a full analytic solution for internal working surfaces in jets from variable sources. This solution is based on the assumption that the working surfaces conserve mass, and that the motion of the working surface can therefore be determined from mass and momentum conservation arguments.
We apply this solution to the case of jets from variable sources, describing the cases with constant mass-loss rate, and constant ejection densities (both of these with a sinusoidal ejection velocity variability). We find that both cases lead to qualitatively similar results.
The most interesting diagnostic of these models is that (for the two cases that we have studied) the emission of the Mach disc or jet shock' of the internal working surfaces initially dominates over the emission of the bow shock. This appears to go against the fact that in many HH objects, the bow-shock emission is observed to be dominant. We should note that at later times the bow shock of the working surfaces does dominate the emission (see Figs 2 and 3). However, as the luminosity is then very low, it is unlikely that working surfaces in this regime might correspond to observed knots in HH jets.
In better agreement with these observations, Raga & Canto Â (1998) find that the emission from internal working surfaces that do not conserve mass (i.e. which eject sideways all of the mass that has gone through the working-surface shocks) is dominated by the contribution from the bow shock. Unfortunately, these authors have not been able to find a complete analytic solution for this problem.
From this discussion, we tentatively conclude that the observational fact that the emission from HH bow shocks q 2000 RAS, MNRAS 313, 656±662 dominates over their associated Mach discs indicates that HH working surfaces eject sideways most of their mass. This result directly implies that the gas pressure within the working surfaces has to be larger than the pressure of the immediate environment surrounding the jet beam.
In future work, we will present applications of our new analytic formalism to the case of shock pairs (`working surfaces') produced in spherically symmetric winds with variable velocities (which might result from an intrinsic variability of the wind production mechanism or from an orbital motion of the source). In such a spherically symmetric problem, it is of course clear that the working surfaces have to be mass-conserving.
